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Energy-Based Dynamic Buckling Estimates for
Autonomous Dissipative Systems
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The dynamic buckling global response of a nonlinear, 3-degree-of-freedom dissipative model under a step loading
of infinite duration is thoroughly discussed. Geometrically imperfect models with symmetric or antisymmetric
imperfections losing their static stability through a limit point and an asymmetric bifurcation point, respectively,
are considered. Emphasis is given to the combined effect of nonlinearities (geometric and/or material) and damping.
Exact, approximate, and lower/upper bound estimates based on energy criteria for establishing the dynamic
buckling response of such autonomous models without solving the highly nonlinear initial-value problem are
assessed. The reliability and efficiency of the proposed readily obtained estimates is illustrated via numerical
simulation, the accuracy of which is checked using energy balance considerations. Certain interesting byproducts
associated with a postlimit point bifurcation and breakdown of the symmetry of deformation are also revealed.

I. Introduction

T HE intractability of nonlinear initial-value problems associated
with the dynamic buckling response of discrete dissipative/

nondissipative autonomous systems still remains a serious compu-
tational problem, in spite of the availability of modern, very efficient
computational techniques and high-speed computers. This is partic-
ularly true when dynamic buckling may occur after a long time or
in case of the existence of chaotic-like phenomena due to sensitivity
to initial conditions or due to damping. In such cases the numeri-
cal algorithms that are employed for the solution of the differential
equations of motion may experience convergence difficulties. This
work, which is a further extension of previous observations and
findings1"4 related to the problem of nonlinear dynamic buckling of
multi-degree-of-freedom (DOF) discrete structural systems, aims at
overcoming the aforementioned drawbacks. Indeed, in this analy-
sis very efficient and readily obtained lower/upper bound dynamic
buckling estimates in addition to exact ones for the special case of
vanishing (but nonzero) damping are established. The lower bound
estimates are based on the energy criterion associated with the van-
ishing of the total potential energy on a certain equilibrium point
of the unstable postbuckling path.2'3'5 A very efficient approximate
dynamic buckling estimate based on energy considerations and on
Schwarz's and Holder's inequality is recently reported.7 The re-
liability and efficiency of all of the preceding dynamic buckling
estimates is investigated in using a 3-DOF model subjected to a step
load of infinite duration with the aid of numerical simulation and an
analytical approximate technique.8

II. Mathematical Analysis
Consider a general n-DOP dissipative structural system subjected

to a step load A. of infinite duration. The response of the system can
be described by the following set of nonlinear ordinary differential
equations of motion of Lagrange:

d
3K 3K 3VT 3F

—— + —- + — =0, i = l . . . . , B (1)

where q\ and q\ are the generalized coordinates, whereas the dots de-
note differentiation with respect to time t\ K = 0.5 • qT - a - q is the
positive definite function of the total kinetic energy with correspond-
ing matrix a having nondiagonal elements a^ = a / / ( # i , . . . , #„),
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where q is a state vector with its transpose qT having components
q^ VT = VT(q\,..., #«, A.) is the total potential energy, which is
assumed to be a nonlinear function of q\ and a linear function of the
loading parameter A; F = 0.5 • qT • c • q is the nonnegative definite,
viscous dissipation function of Rayleigh, and c is the corresponding
non-negative definite damping matrix with damping coefficients c/7-.
The loading A is considered as the main control parameter for the
occurrence of static and dynamic bifurcations. It is also assumed
that this system under the same loading A applied statically exhibits
a limit point instability. This analysis is applied to discrete systems
or to continuous systems which have been discretized by some ap-
proximation technique. It is also applicable after slight modification
to impulse or impact load.9

Dynamic buckling (escaped motion) of a structural system is de-
fined as the state at which an infinitesimal variation of the applied
load results in a response associated with large displacements. The
minimum load corresponding to that state is defined as the dynamic
buckling load XDD.

The exact value of the dynamic buckling load XDD of a structural
system under the aforementioned types of loading can be obtained
numerically by integrating the equations of motion (1) subject to
given initial conditions. However, such numerical solutions very of-
ten experience computational difficulties, especially when dynamic
buckling may occur after a long time or in the presence of chaotic-
like phenomena due to sensitivity to initial conditions or due to
sensitivity to damping. Therefore, it is highly desirable to supple-
ment numerical simulation by other solutions such as approximate
or lower/upper bound estimates for the dynamic buckling load. Such
estimates not only help us as monitor of the accuracy of the numeri-
cal algorithms but also provide fast and inexpensive approximations
that can be very useful for structural design purposes.

The limit point load A>v is an upper bound of the dynamic buckling
load XDD as has been demonstrated both for systems subjected to
step loads of infinite duration2-3 or under impact load9:

<A.V (2)

Lower bound dynamic buckling estimates can be obtained if one
resorts to energy considerations. For a system initially (t = 0) at
rest, the total energy E, including the dissipation of energy, can be
expressed in dimensionless form as

E = K + VT + 2 /'JQ
F • dr = K() (3)

where K(} is the initial kinetic energy at time t = 0 that can be eval-
uated by means of the known initial conditions. From Eq. (3) it can
be easily observed that throughout motion the quantity (VV — K()) is
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negative definite. This is also true at the instant of occurrence of dy-
namic buckling (escaped motion). Taking into account that dynamic
buckling takes place via a saddle point corresponding to kDD < A.,
the kinetic energy at that time becomes zero. Hence, Eq. (3) yields

VT = -2 • / F • dr + #°
Jo

If the system is initially at rest Eq. (4) becomes

VT = -2 • / F - dr
Jo

This condition can only be valid if

F-dr , i = ! , . . . ,« (6)

(4)

(5)

<-2- f
Jo

where q\ are the values of the displacements at the limit point. From
Eq. (6) one can obtain for the case of vanishing but nonzero damping

VT = 0 (7)

Equation (7) combined with the static equilibrium equations

dVT—-=0, i = l , . . . , n (8)

yield the exact dynamic buckling load X^ for vanishing but nonzero
damping. It should be noted that this load can be obtained without
need to integrate the differential equations of motion (1). It can
further be observed that when the amount of damping decreases XD
approaches the accurate dynamic buckling load XDD. Hence, XD is
a lower bound estimate of XDD, that is,

(9)

(10)

Combining relations (2) and (9) one can obtain

This result can be extended to the case of undamped structural sys-
tems under dynamic load. This is a rather unrealistic case since
damping is always present in real structural systems. Denoting by
kD the exact value of the dynamic buckling load of the undamped
system, one can get2'3

A..v (11)

(12)

In the case of 1-DOF systems this result is slightly modified:

Consider now Eq. (5). Since a closed-form evaluation of the integral
in the right-hand side is, in general, impossible one has to resort to
upper or lower bound estimates of it. This can be achieved by using
the inequality9 of Schwarz and Holder for any function X(t) that is
integrable in the interval [TO, r]:

/
Jr()

X ( t ) d t \X(t)\2dt (13)

lfX(t) = [Xl (0,.. - , Xn(t)Y inequality (13) becomes

WOdf to) • X\ dr (14)

where X = X(r) - X(r()).
Since the elements of the non-negative damping matrix [c/7] are

scalar quantities using relation (14) we obtain

[r
I Qj • qt • q} •&,

Jo
i, j = 1, . . . , n (15)

where qi = qt (r) — qf. Obviously, the Einstein summation conven-
tion has been employed.

Then, Eq. (6) with the aid of inequality (15) can be written as
follows:

VT < -( z, (16)

The solution of the combined Eq. (16) and (8) provides another ap-
proximate estimate of the dynamic buckling load for the dissipative
system. Such a solution is acceptable only when it corresponds to
a saddle point of the unstable postbuckling equilibrium path. The
approximate dynamic buckling load XDD obtained in this way is a
lower bound estimate of the exact load XDD provided that the length
of time r (from the onset of loading until the instant of dynamic
buckling) is known. However, this is never the case. Hence, the
half-period f = n/coo of the linearized system can be used as an
approximate value of r, where a>0 is the fundamental frequency. It
should be noted that f is a much smaller than r, especially when
the number of degrees of freedom of the system increases and the
amount of damping decreases. Therefore, under these conditions the
load XDD obtained from Eqs. (16) and (8) using r is an approximate
dynamic buckling estimates which is acceptable only when

X < X < A . (17)

Hence, Eqs. (11) and (12) can be combined with Eq. (17) and are
finally written as

(18b)

for multi- and single-DOF systems, respectively.

III. Description of Structural System
Consider the nonlinear elastic model of cubic type shown in Fig. 1 ,

which consists of four pin-jointed rigid bars of equal length L. Three
concentrated masses, mi , ra2, and ra3 attached at the pinned connec-
tions are supported by three vertical nonlinear springs that exhibit a
softening behavior described by the equations

i = 1,2,3 (19)

where £/ and a/ are the linear and nonlinear spring constants whereas
yi are the respective displacements. The three springs are also linear
viscoelastic in the vertical direction with corresponding coefficients
Ci,c2 ,andc3 .

The model at its right end is subjected to a step load A of infinite
duration. The deformed configuration is described by the angles #1 ,
#2> and #3, whereas the undeformed configuration is defined by the
initial angle imperfections denoted by s\9 82, and £3.

The kinetic energy K, the strain energy t/, the potential energy
of the external loading £2, and the Rayleigh dissipation function F
are given by

K = ±

+ 2(m2

+ w2 (w2 + ra3 • tf2

#2 • cos(#i - #2) - 2 -

- 2 - ra3 - #2 • #3 • cos(#2 (20)

Fig. 1 Geometry of an imperfect 3-DOF system composed of four rigid
links interconnected by three frictionless hinges carrying correspond-
ing concentrated masses supported by three nonlinear and viscoelastic
springs.
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• L2 (sin #1 — sin£i)2 — \ - L4(sin#i — shi£i)4

L2(sin#i + sin $2 — sin£i — sin£2)2

• L4(sin $i + sin #2 — sin£i — sin£2)

+ |&3 • £2(sin #1 + sin #2 — sin #3 — shi£i

— sin £2 + sin £3)2 — |<23 • k3 • L4(sin #1 + sin #2 — sin #3

— sin£i — sin £2 + sin£3)4 (21)

— A • — (sin£i + sin£2 — sin£3)2

— A/1 — (sin #1 + sin #2 — sin #3)2

+ COS £1 + COS £2 + COS £3 — COS ft\ — COS #2 + C°S #3 } (22)

F = (L2/2) { (en + c22 + c33 + 2 - en + 2 • c23 + 2 - ci3)tf ?

cos2 #1 + (c22 + c33 + 2 • c23)#2 - cos2 $2 + c33 • #2

cos + 2(c22 + c33 + en + 2 • c23 + • cos #1

• cos $2 — 2(c33 + c23)#2 • #3 • cos #2 • cos #3

- 2(c33 + c23 + cB)tf i - #3 • cos #1 • cos $1 } (23)

where c\j are the damping coefficients of the non-negative Rayleigh
dissipative matrix. For the model under consideration en = c\,
€22 = c2, £33 = c3, whereas c\i — c23 = c\3 = 0. For the sake of
simplicity the following assumptions were also made:

ki = ki = &3 = k, a\ = 0,2 — #3 = a/L2

mi = mi — m3 = m

Lagrange equations of motion are given by Eq. (1) where VT =
U + tt.

To nondimensionalize the problem we can introduce the transfor-
mation variables

k-L
3.4142135' ~ 3.4142135

The scaling factor 3.4142135 results from the relation10

k-L
[rc - 7 T / 2 - (n + 1)]'

n = 1,2, . .

(24)

(25)

for n = 1.
Then, the equations of motion are written as follows:

3 • 0'i + 2 • cos(#i - 62) • 02 - cos(0i + 63) • 03

+ (ci +c2 + c3) - cos2 Oi • 61 4- (c2 + c3)

• COS 0i • COS 62 ' &2 — C3 • COS 0i • COS 03 • 03

+ 2 • sin(0! -
., ay- sin(0! + 03) • 02 + —- - 0 (26)

2 • COS(0! - ft) • 0'i + 2 - 02 - COS(02 + 03) - 03

+ (c2 + c3) • cos 0i • cos 02 • 0i

+ (ci + £3) • cos2 62 • 02 — c3 • cos 02 • cos 03 • 03

.9 .,- 2 - sin(0i - 02) • 02 + sin(02 + 03) . 02 + — - = 0
OU2

(27)

- cos(0i + 0s) • 0i + -cos(<92 + 03) • 6>2 + 03 - c3

• ( COS 0i • COS 03 • 0i + COS 02 • COS 03 • 02 — COS2 03 • 03 )

• 9 .9 dV
+ sin(0i + 6>3) • 6>2 + sin(02 + 03) • 0| + — - = 0 (28)

where
f\ \7

— — cos0i • {(sin0i — sins\) • [l — a • (sin0i — sin£i)2]

+ (sin 0i + sin 02 — sin e\ — sin £2)

• [l — a • (sin0i + sin02 — sin£i — sin£2)2]

+ (sin 0i + sin 02 — sin 03 — sin Si — sin £2 + sin £3)

• [l — a • (sin0i + sin02 — sin#3 — sin£i — sin£2 + sin£3)2]}

A I (sin 0i + sin 02 — sin 03) • cos 9}

^c I ^/l — (sin 0i + sin02 — sin03): (29)

— = cos02 • {(sin0i + sin02 — sin£i — sin£2)
80-

• [l — a - (sin0i + sin#2 — sin£i — sin£2)2]

+ (sin 0i H- sin02 — sin03 — sin£i — sin£2 + sin£3)

• [l — a • (sinOi + sin02 — sin03 — sin^ — sin£2 + shi£3)2]}
( ^

A (sin 0i + sin 62 - sin 03) • cos 02

— (sin 0i + sin02 — sin03)2: + sin02 (30)

— cos03 • {(sin0i + sin02 — sin03 — shi£i — sin£2 + sin£3)

• [l — a • (sin0i + sin#2 — sin#3 — sin£i — sin£2 + sin£3)2]}

1 I (sin 0i + sin 02 — sin 03) • cos 03
— (sin 0i + sin02 — sin#3)2

: + sin03 (31)

In the static case 0/ — 0,- = 0, (z = 1, 2, 3), and the model is
described by the following nonlinear equilibrium equations:

dV _ dV _ dV _
~ ~ ~ ~

(32)

Equilibrium paths can be obtained by step increasing one parameter,
whereas the other parameters are kept constant.

A solution to the dynamic problem is achieved by solving the sys-
tem of Eqs. (26-28) for 9\, 02, and 03 and then applying a fourth-order
Runge-Kutta numerical scheme. These processes can encounter
computational difficulties, especially when dynamic buckling may
occur after a long time, or in case of chaotic-like phenomena due
to sensitivity to initial conditions or due to damping. To alleviate
such problems numerical simulation has been supplemented by the
approximate or lower and upper bound estimates for the dynamic
buckling load that have been presented in the previous paragraph.
Such estimates not only help us as monitor of the accuracy of the
numerical algorithms, but also provide fast and inexpensive approx-
imations that can be very useful for structural design purposes. Note
also that the energy balance in Eq. (3) or (5) can be used for checking
the accuracy of numerical solutions.

The fundamental period of the 3-DOF cantilever system of Fig. 1
which is needed to compute the approximate load A./>z> can be ap-
proximated by linearizing the equations of motion (26-28). Lin-
earization is performed by neglecting quadratic and higher order
terms as well as the effects of damping and initial imperfections,
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and by assuming small angles and, hence, setting sin 0 « 0, cos 0 &. Setting
Then, the following linearized equations of motion are obtained:

3 • 6*1 + ( 3 - 2 ) 0 ! + 2 • 02 + 2 -
Ac

1 - ) 0 3 = 0 (33)

2 • 0, + ( 2 - - 0, + 2 • <92 + 2 - 2
AC

+ 63+ I 1-2—— 1^3=0

©V©,

(34)

(35)

0 A 1.5
0.

- - - - A

Fig. 2 Model having symmetric imperfections with a < 1.3: a) non-
linear equilibrium paths with postlimit point bifurcation and b) corre-
sponding deformed configurations.

'71, — - ^ 02,03

**
£2=0-1
83=0.099

"*"

s ©2
N

^T.s^

Fig. 3 Nonlinear equilibrium paths for model having nearly symmetric
imperfections with a < 1.3.

Si = -co2 • 0i • eio)t

r\ __ r\ sfitot v^ /) __ _ 2 /j x,'<y? (36)

and then substituting Eq. (36) into Eqs. (33-35), we can obtain the

a)

b)

Fig. 4 Model having symmetric imperfections with a > 1.3: a) non-
linear equilibrium paths without postlimit point bifurcation and b) cor-
responding deformed configurations.

Locus of postbuckling
bifurcation point loads X

stiffening softening

-15 40 -5 0 5

Nonlinear spring constant

Fig. 5 Influence of the nonlinear spring constant a on the postlimit
point behavior for symmetric initial imperfections.
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eigenfrequencies of the model by setting the determinant of the
coefficients of the system of equations equal to zero:

This leads to the algebraic equation

AC

= 0 (37)

a)

b)

Fig. 6 Model with antisymmetric imperfections: a) nonlinear equilib-
rium paths with prelimit point bifurcation and b) corresponding de-
formed configurations.

Fig. 7 Nonlinear equilibrium paths for model with nearly antisymmet-
ric imperfections.

1.6 25

A ^ 2

with solutions

= 1 - 2(i/A,c) (39)

The fundamental frequency &>o of the system is the smallest of the
three values &>i, co2, and 0)3.

The coefficients qt of the right-hand side of Eq. (16) correspond
to the vertical displacements of the three masses m/, measured from
the initial deformed configuration. Hence,

qi = L • (sin0! — sin£i)

q2 = L - (sin 0! + sin 02 — sin si — sin £2) (40)

q3 = L • (sin0! + sin02 — sin03 — sin£i — sin£2 + sin£3)

Then Eq. (16) becomes

• (sin ^i — si

c2 • (sin ft + sin02 — sin£i — sin£2)

• (sin 0i + sin02 — sin03 — sinei — sin£2

(41)

IV. Numerical Results
Figure 2a illustrates the static equilibrium paths for a model with

symmetric initial goemetric imperfections. The corresponding de-
formed configurations are shown in Fig. 2b. The behavior is char-
acterized by a postlimit point bifurcation (point F). After that point
the deformation of the model stops being symmetric. If the ini-
tial imperfections deviate slightly from the completely symmetric
configuration, then the static equilibrium paths are as illustrated in
Fig. 3. The postlimit point bifurcation and the loss of symmetry of
the deformed configuration do not take place for stiff er springs, as
illustrated in Fig. 4. The influence of the nonlinear spring compo-
nent [i.e., a = a/(k • L2)] is demonstrated in the plot of Fig. 5. It
can be observed that for the specific example the smallest difference
between limit point load A s and postbuckling bifurcation point load
AC occurs for a = — 5 (soft spring), whereas no bifurcation takes
place for a > 1 .3. Note that for a model of this type with three bars,
the branching point appears prior to the limit point.4

Figure 6 shows equilibrium paths and corresponding successive
deformed configurations for a model with antisymmetric geomet-
ric imperfections. The behavior is characterized by a prelimit point
bifurcation after which the deformed shape stops being antisym-
metric. The corresponding plot for a nearly antisymmetric system
is shown in Fig. 7.

125 175

1.2 .

.8 .

. 4 .

0

-. 4 e,,e,

= . 64406

Fig. 8 Times series 1";, i = 1,2,3 vs r for a dissipative symmetric model showing a point attractor response (stable motion) for A = 0.644060 <
ADD = 0.644065, where A and ADD have been divided by AC.
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7.SE-00
f

SE-002 .

2.5E-002.

0

-2.SE-002.

-SE-002 ..

-7.SE-002.

a)

X-.64406
a- I

b) -.8 -.7 -.6 -.5 -.4 -.3 -.2 -.1 0 .1 .2 .3 .4

c) -.8 -.7 -.6 -.5 -.4 -.3 -.2 -.J 0 . 1 . 2 . 3 . 4

Fig. 9 Point attractor response for a dissipative symmetric model with A = 0.644060 < \DD = 0.644065 shown in three-phase plane portraits (Oi, 0{)
with i = 1,2,3.

125 175

Fig. 10 Time series: X^i
0.644065.

- 1, 2, 3 vs r for a dissipative symmetric model showing dynamic buckling (escaped motion) for A = 0.644070 > XDD =
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a) .5

b)
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a-1

=,-•'
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-.8 -.7 -.5 -.5 -.4 -.3 -.2 -.1 0 .1 .2 .3 .4
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. 12

96-002

46-002

0

-46-002

-86-002
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———— t ————
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£
3

93

———— i ————

\~. 644070999
a-1

v-1

y-1
V 1

v°

V°

-.7 -.6 -.5 -.4 -.3 -.2 -.1 0 .1 .2 .3 .4

Fig. 11 Dynamic buckling (escaped motion) for a dissipatiye symmetric model with A = 0.644070 > XDD = 0.644065 shown in three-phase plane
portraits (0,, 0,) with i = 1,2, 3.

1.2 .

.8 .

. 4 .
£1
0

- .4 .

-.8 .

-1.2 _

-1.6

——— • ——— i ——————— i ——————— i ——————— ( ——————— | ——————— | ——————— | —————

E! =0.300

/^Xx^x/^^^
E! =0.301

T

P- .62
A- 1
K - 3.4142135
Cl- 0
C2=> 0
C3= 0
M - 1
L = 1
uOl a . 3
u02= 0

uOl' » 0
Li02' •=• 0
o03' = 0

———————— 1 — ——————— 1 ———————— 1 ———————— 1 ———————— 1 ———————— 1 ———————— 1 ———————— 1 ———————— 1 ————————

Fig. 12 Divergence from two adjacent initial configurations corresponding to E\ - 0.300 and e\ = 0.301 for an initially symmetric model.
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1.OO

0.90 —

0.80 —

O.7O —

0.60 —

O.5O —

000 0.20 0.40

Fig. 13 Variation of the dynamic [exact XQD (with damping), A/> (with-
out damping), and approximate XDD and A/> (vanishing damping)]
and static buckling loads AC vs the initial angle e\ for a symmetric
model.

Figure 8 shows plots of #1, 92, and 03, vs the time r for a dissipa-
tive model with symmetric initial imperfections. Since the applied
load is smaller than the dynamic buckling load, the resulting mo-
tion is bounded converging toward the stable equilibrium state. The
corresponding phase-plane protraits are shown in Fig. 9. Figures 10
and 11 illustrate the time series plots and phase-plane portraits for
the same initial conditions but slightly higher load (exceeding the
dynamic buckling load), which leads to an unbounded (escaped)
motion.

Figure 12 shows the divergence from two adjacent initial configu-
rations corresponding to £1 = 0.300 and s\ = 0.301 for an initially
symmetric model.

Finally, Fig. 13 illustrates the validity of Eq. (18a) for a model
with symmetric initial imperfections (s2 = £3 = 0 and s\ ranging
from 0 to 0.5).

V. Conclusions
In all cases considered dynamic buckling (escaped motion) occurs

through a saddle point with V < 0 (Refs. 3-7). For this 3-DOF
nonlinear elastic and dissipative model one may draw the following
important conclusions.

Static Loading
1) The symmetric model under statically applied load exhibits

a postlimit point bifurcation which breaks the symmetry of the

deformed configuration. If this model has three bars (instead of
four) the branching point occurs prior to limit point.

2) The effect of the spring cubic soft type material nonlinearity
on the nonlinear equilibrium path is discussed in detail.

3) When an initially antisymmetric model is subjected to a static
load, the loss of stability takes place through an unstable branching
point lying on the nonlinear equilibrium path prior to the limit point.

Dynamic Loading
1) In all cases considered, the dissipative model under a step

load of infinite duration exhibits either a point attractor response for
A. < ^DD or dynamic buckling (escaped motion) via a saddle of the
unstable postbuckling equilibrium path with V < 0.

2) For a model under step loading of infinite duration with or with-
out damping exact (for vanishing damping) and lower/upper bound
dynamic buckling estimates are established. These estimates con-
firm previous results obtained for other types of 2-DOF models and
are very useful for structural design purposes, particularly in case
of large time solutions or in case of sensitivity to initial conditions
or to damping.

3) For a symmetric model (with symmetric imperfections s2 =
£3 = 0) under step load of infinite duration regardless of the variation
of the initial angle e\, the proposed dynamic buckling estimates are
very close to the exact loads.

4) The reliability, efficiency, and usefulness of the proposed read-
ily obtained dynamic buckling estimates which allow us to avoid the
integration of the highly nonlinear equations of motion is obvious.
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